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SYMBOLS OF NON-ARCHIMEDEAN ELLIPTIC
PSEUDO-DIFFERENTIAL OPERATORS, FELLER SEMIGROUPS,
MARKOV TRANSITION FUNCTION AND NEGATIVE
DEFINITE FUNCTIONS
ISMAEL GUTIE´RREZ GARCI´A AND ANSELMO TORRESBLANCA-BADILLO
Abstract. In this article we prove that the heat kernel attached to the non-
archimedean elliptic pseudodifferential operators determine a Feller semigroup
and a uniformly stochastically continuous C0−transition function of some
strong Markov processes X with state space Qn
p
. We explicitly write the Feller
semigroup and the Markov transition function associated with the heat ker-
nel. Also, we show that the symbols of these pseudo-differential operators are a
negative definite function and moreover, that this symbols can be represented
as a combination of a constant c ≥ 0, a continuous homomorphism l : Qn
p
→ R
and a non-negative, continuous quadratic form q : Qn
p
→ R.
1. Introduction
The applications of p-adic analysis in mathematical physics has received much
attention in the last decades due to the interest of studying p−adic pseudodiffer-
ential equations associated with certain physical models, see e.g. [2], [4], [15]-[23],
[27]-[32].
Pseudo-differential operators that have a closed extension that generates a Feller
semigroup constitute a classical area of research in the archimedean setting see,
e.g., [8]-[14]. This fact aroused great interest in the non-archimedean sense of find-
ing pseudo-differential operators that had a closed extension that would generate
Feller’s semigroups. The first and most recent work obtained about in the non-
archimedean sense as a result of this interest is the paper [26], in which a huge class
of pseudodifferential operators (with negative definite symbols) is introduced.
It should be noted that all the above mentioned Feller semigroups are implicitly
expressed.
In this article we consider the elliptic pseudo-differential operators f(∂, β) intro-
duced by Zu´n˜iga-Galindo, see [29],[31], which has the form
(1.1) (f(∂, β)ϕ)(x) := F−1ξ→x(|f(ξ)|
β
pFx→ξϕ), ϕ ∈ D(Q
n
p ), β > 0,
where f(ξ) ∈ Znp [ξ1, . . . , ξn] is an elliptic polynomial of degree d satisfying f(ξ) = 0
if and only if ξ = 0.
It is important to keep in mind that the symbol |f(ξ)|βp , β > 0, of these elliptic
pseudo-differential operators are not necessarily radial functions on Qnp .
Key words and phrases. Pseudo-differential operators, Feller semigroups, Markov transition
function, convolution semigroup, Negative definite function, non-archimedean analysis.
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We study the following Cauchy problem
∂u
∂t
(x, t) = −(f(∂, β)u)(x, t), t ∈ [0,∞), x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ),
naturally associated with these operators.
From the mathematical point of view, in the study of heat conduction and dif-
fusion, the heat kernel
Z(x, t) := Zt(x) := F
−1
ξ→x(e
−t|f(ξ)|βp ) =
∫
Qnp
χp(−x, ξ)e
−t|f(ξ)|βpdnξ, t > 0, x ∈ Qnp ,
attached to operator f(∂, β), is the fundamental solution to the heat equation with
appropriate initial conditions. These equations deal with problems that have spatial
and temporal structure, that is, their solution depends of a position x and a time
t.
Physically, the heat kernel represents the evolution of temperature in a region
whose boundary is held at a particular temperature (typically zero), such that
an initial unit of heat energy is placed at a point at time t = 0, in other words,
the heat kernel Z(x, t) expresses a thermal distribution of position x at time t.
Inspired by this fact, unlike the previously mentioned works, in this article we will
obtain explicitly a Feller semigroups {Tt}t≥0 on the space of Banach C0(Q
n
p ) (space
of continuous functions vanishing at infinity) generated from the heat kernel, see
Theorem 1. Moreover, we also obtain in an explicit way a uniformly stochastically
continuous C0−transition function on Q
n
p , pt(x, ·), that satisfies the condition: for
each s > 0 and each compact subset E ⊂ Qnp ,
lim
x→∞
sup
0≤t≤s
pt(x,E) = 0.
Moreover, pt(x, ·) it is the transition function of some strong Markov processes X
with state spaceQnp and transition function pt(x, ·) whose paths are right continuous
and have no discontinuities other than jumps, see Theorem 2.
It is relevant to mention that the type of Feller semigroups and transition func-
tions treated in this article are not obtained from a closed extension of the elliptic
pseudo-differential operator f(∂, β), as it was developed in the works mentioned
above, on the contrary, our Feller semigroups and transition functions are obtained
from the heat kernel attached to operator f(∂, β), which is very important, because
we are interested in the Markovian behavior of our process, therefore the interest
to know explicitly the Feller semigroup and the transition function of our strong
Markov process.
There are several significant differences between this article and the works men-
tioned above.
On the other hand, motivated by the article [26], we are interested in knowing if
the symbol of the pseudo-differential operator f(∂, β) is a negative definite function
and if there is also a representation for said symbol.
This article is organized as follows. In Section 2, we will collect some basic results
on the p-adic analysis and fix the notation that we will use through the article. In
Section 3, we give several technical results of elliptic polynomials of degree d and on
the heat kernel (Zt(x)) of the Cauchy problem associated with the elliptic pseudo-
differential operator f(∂, β) of degree d. In Section 4, we initially prove that there
is a Feller semigroup {Tt}t≥0 associated with the heat kernel (Zt(x)), see Theorem
31. This semigroup of Feller is obtained explicitly and moreover is conservative, i.e.
Tt1 = 1, for all t > 0, see Remark 5. Later in this section, we prove that there is an
uniformly stochastically continuous C0−transition function pt(x, ·) on Q
n
p , written
explicitly for E ∈ B(Qnp ) as
pt(x,E) =

Zt(x) ∗ 1E(x), for t > 0, x ∈ Q
n
p
1E(x), for t = 0, x ∈ Q
n
p .
Moreover, this transition function satisfies that for each s > 0 and each compact
subset E ⊂ Qnp ,
lim
x→∞
sup
0≤t≤s
pt(x,E) = 0.
The Feller semigroup {Tt}t≥0 and the transition function pt(x, ·) are connected
by the equation
Ttf(x) :=
∫
Qnp
pt(x, d
ny)f(y).
We also have that pt(x, ·) is the transition function of some strong Markov processes
X with state space Qnp whose paths are right continuous and have no discontinuities
other than jumps, see Theorem 2. In Section 5, a first important result obtained
is that the symbol |f |βp , β > 0, of the pseudo-differential operator f(∂, β) is a
negative definite function, see Theorem 3. This result complements the family
of non-archimedean pseudo-diferential operators treated at [26] whose symbol is a
negative definite function. Subsequently, making use of the theory of convolution
semigroup of local type, we can show that the symbol |f |βp , β > 0, can be represented
in the form
|f(ξ)|βp = c+ il(ξ) + q(ξ), ξ ∈ Q
n
p ,
where c ≥ 0, l : Qnp → R is a continuous homomorphism and q : Q
n
p → R is a non-
negative, continuous quadratic form. This is because we will prove the equivalence
of the following statements:
(i) for all open neighbourhoods W of 0 we have
lim
t→0+
1
t
Zt(∁W ) = 0.
(ii) Z = 0 (Z is the Le´vy measure for the convolution semigroup (Zt)t>0 on Q
n
p ).
(iii) |f(ξ)|βp = c+ il(ξ) + q(ξ) for ξ ∈ Q
n
p , see Theorem 4.
2. Fourier Analysis on Qnp : Essential Ideas
2.1. The field of p-adic numbers. Along this article p will denote a prime num-
ber. The field of p−adic numbers Qp is defined as the completion of the field of
rational numbers Q with respect to the p−adic norm | · |p, which is defined as
|x|p =

0 if x = 0
p−γ if x = pγ a
b
,
where a and b are integers coprime with p. The integer γ := ord(x), with ord(0) :=
+∞, is called the p−adic order of x.
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Any p−adic number x 6= 0 has a unique expansion of the form
x = pord(x)
∞∑
j=0
xjp
j ,
where xj ∈ {0, 1, 2, . . . , p− 1} and x0 6= 0. By using this expansion, we define the
fractional part of x ∈ Qp, denoted {x}p, as the rational number
{x}p =

0 if x = 0 or ord(x) ≥ 0
pord(x)
∑−ordp(x)−1
j=0 xjp
j if ord(x) < 0.
In addition, any non-zero p−adic number can be represented uniquely as x =
pord(x)ac (x) where ac (x) =
∑∞
j=0 xjp
j , x0 6= 0, is called the angular component of
x. Notice that |ac (x)|p = 1.
We extend the p−adic norm to Qnp by taking
||x||p := max
1≤i≤n
|xi|p, for x = (x1, . . . , xn) ∈ Q
n
p .
We define ord(x) = min1≤i≤n{ord(xi)}, then ||x||p = p
−ord(x). The metric space(
Qnp , || · ||p
)
is a complete ultrametric space, which is a totally disconnected topo-
logical space. For r ∈ Z, denote by Bnr (a) = {x ∈ Q
n
p ; ||x − a||p ≤ p
r} the ball
of radius pr with center at a = (a1, . . . , an) ∈ Q
n
p , and take B
n
r (0) := B
n
r . Note
that Bnr (a) = Br(a1) × · · · × Br(an), where Br(ai) := {x ∈ Qp; |xi − ai|p ≤ p
r} is
the one-dimensional ball of radius pr with center at ai ∈ Qp. The ball B
n
0 equals
the product of n copies of B0 = Zp, the ring of p−adic integers of Qp. We also
denote by Snr (a) = {x ∈ Q
n
p ; ||x − a||p = p
r} the sphere of radius pr with center at
a = (a1, . . . , an) ∈ Q
n
p , and take S
n
r (0) := S
n
r . We notice that S
1
0 = Z
×
p (the group
of units of Zp), but
(
Z×p
)n
( Sn0 . The balls and spheres are both open and closed
subsets in Qnp . In addition, two balls in Q
n
p are either disjoint or one is contained
in the other.
As a topological space
(
Qnp , || · ||p
)
is totally disconnected, i.e. the only connected
subsets of Qnp are the empty set and the points. A subset of Q
n
p is compact if and
only if it is closed and bounded in Qnp , see e.g. [28, Section 1.3], or [1, Section 1.8].
The balls and spheres are compact subsets. Thus
(
Qnp , || · ||p
)
is a locally compact
topological space.
We will use Ω (p−r||x− a||p) to denote the characteristic function of the ball
Bnr (a). We will use the notation 1A for the characteristic function of a set A. Along
the article dnx will denote a Haar measure on Qnp normalized so that
∫
Znp
dnx = 1.
2.2. Some function spaces. A complex-valued function ϕ defined on Qnp is called
locally constant if for any x ∈ Qnp there exist an integer l(x) ∈ Z such that
ϕ(x + x′) = ϕ(x) for x′ ∈ Bnl(x).
A function ϕ : Qnp → C is called a Bruhat-Schwartz function (or a test function) if it
is locally constant with compact support. The C-vector space of Bruhat-Schwartz
functions is denoted by D := D(Qnp ). Let D
′ := D′(Qnp ) denote the set of all
continuous functional (distributions) on D. The natural pairing D′(Qnp )×D(Q
n
p )→
C is denoted as (T, ϕ) for T ∈ D′(Qnp ) and ϕ ∈ D(Q
n
p ), see e.g. [1, Section 4.4].
5Every f ∈ L1loc(Q
n
p ) defines a distribution f ∈ D
′
(
Qnp
)
by the formula
(f, ϕ) =
∫
Qnp
f (x)ϕ (x) dnx.
Such distributions are called regular distributions.
We will denote by DR := DR(Q
n
p ), the R-vector space of test functions, and by
D′R := D
′
R(Q
n
p ), the R-vector space of distributions.
Given ρ ∈ [0,∞), we denote by Lρ := Lρ
(
Qnp
)
:= Lρ
(
Qnp , d
nx
)
, the C−vector
space of all the complex valued functions g satisfying
∫
Qnp
|g (x)|
ρ
dnx < ∞, L∞
:= L∞
(
Qnp
)
= L∞
(
Qnp , d
nx
)
denotes the C−vector space of all the complex valued
functions g such that the essential supremum of |g| is bounded. The corresponding
R-vector spaces are denoted as LρR := L
ρ
R
(
Qnp
)
= LρR
(
Qnp , d
nx
)
, 1≤ ρ ≤ ∞.
Let denote by CC := C(Q
n
p ,C) the C−vector space of all complex valued func-
tions which are continuous, by CR := C(Q
n
p ,R) the R−vector space of continuous
functions. Set
C0(Q
n
p ,C) :=
{
f : Qnp → C; f is continuous and lim
||x||p→∞
f(x) = 0
}
,
where lim||x||p→∞ f(x) = 0 means that for every ǫ > 0 there exists a compact subset
B(ǫ) such that |f(x)| < ǫ for x ∈ Qnp\B(ǫ). We recall that (C0(Q
n
p ,C), || · ||L∞) is a
Banach space. The corresponding R-vector space will be denoted as C0(Q
n
p ,R).
2.3. Fourier transform. Set χp(y) = exp(2πi{y}p) for y ∈ Qp. The map χp(·) is
an additive character on Qp, i.e. a continuous map from (Qp,+) into S (the unit
circle considered as multiplicative group) satisfying χp(x0 + x1) = χp(x0)χp(x1),
x0, x1 ∈ Qp. The additive characters of Qp form an Abelian group which is iso-
morphic to (Qp,+), the isomorphism is given by ξ → χp(ξx), see e.g. [1, Section
2.3].
Given x = (x1, . . . , xn), ξ = (ξ1, . . . , ξn) ∈ Q
n
p , we set x · ξ :=
∑n
j=1 xjξj . If
f ∈ L1 its Fourier transform is defined by
(Ff)(ξ) =
∫
Qnp
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp .
We will also use the notation Fx→ξf and f̂ for the Fourier transform of f . The
Fourier transform is a linear isomorphism from D(Qnp ) onto itself satisfying
(2.1) (F(Ff))(ξ) = f(−ξ),
for every f ∈ D(Qnp ), see e.g. [1, Section 4.8]. If f ∈ L
2, its Fourier transform is
defined as
(Ff)(ξ) = lim
k→∞
∫
||x||≤pk
χp(ξ · x)f(x)d
nx, for ξ ∈ Qnp ,
where the limit is taken in L2. We recall that the Fourier transform is unitary on
L2, i.e. ||f ||L2 = ||Ff ||L2 for f ∈ L
2 and that (2.1) is also valid in L2, see e.g. [24,
Chapter III, Section 2].
The Fourier transform F [T ] of a distribution T ∈ D′
(
Qnp
)
is defined by
(F [T ] , ϕ) = (T,F [ϕ]) for all ϕ ∈ D(Qnp ).
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The Fourier transform T → F [T ] is a linear isomorphism from D′
(
Qnp
)
onto itself.
Furthermore, T = F [F [T ] (−ξ)]. We also use the notation Fx→ξT and T̂ for the
Fourier transform of T.
3. Preliminary Results-Elliptic Pseudo-differential Operators
Along this article denote by N = {1, 2, . . .} the set of natural numbers. Next, we
collect some results about of elliptic polynomials of degree d. For more details the
reader may consult [30], [32, Subsection 2.3].
Definition 1. Let f(ξ) ∈ Qnp [ξ1, . . . , ξn] be a non-constant polynomial. We say
that f(ξ) is an elliptic polynomial of degree d, if it satisfies:
(i) f(ξ) is a homogeneous polynomial of degree d, and
(ii) f(ξ) = 0⇔ ξ = 0.
Lemma 1. [30, Lemma 1] Let f(ξ) ∈ Qnp [ξ1, . . . , ξn] be an elliptic polynomial of
degree d. Then there exist positive constants C0 = C0(f), C1 = C1(f) such that
C0||ξ||
d
p ≤ |f(ξ)|p ≤ C1||ξ||
d
p, for every ξ ∈ Q
n
p .
Remark 1. If f(ξ) ∈ Qnp [ξ1, . . . , ξn] is an elliptic polynomial of degree d, then for
every 1 ≤ ρ < ∞ and every t > 0, e−t|f(ξ)|
β
p ∈ Lρ(Qnp ). Indeed, by Lemma 1 we
have∫
Qnp
e−tρ|f(ξ)|
β
pdnξ ≤
∫
Qnp
e−tρC0||ξ||
βd
p dnξ
≤
∫
Znp
e−tρC0||ξ||
βd
p dnξ +
∫
Qnp \Z
n
p
e−tρC0||ξ||
βd
p dnξ
= (1− p−n)
 ∞∑
j=0
p−nj
etρC0p
−jβd
+
∞∑
i=1
pni
etρC0p
iβd
 <∞.
The elliptic pseudo-differential operators were introduced by Zu´n˜iga-Galindo, see
[29],[31]. Below we list some results about the heat Kernel associated with these
operators, and that will be of great importance throughout this article.
Definition 2. Let f(ξ) ∈ Qnp [ξ1, . . . , ξn] be a non-constant polynomial. An operator
of the form (f(∂, β)ϕ)(x) := F−1ξ→x(|f |
β
pFx→ξϕ), β > 0, ϕ ∈ D(Q
n
p ), is called a
pseudo-differential operator with symbol |f |βp := |f(ξ)|
β
p .
If f(ξ) ∈ Znp [ξ1, . . . , ξn] is an elliptic polynomial of degree d, then we say that
|f |βp is an elliptic symbol, and that f(∂, β) is an elliptic pseudo-differential operator
of order d.
Remark 2. (i) [30, Remark 1] Note that g(ξ1, ξ2) = ξ
d
1 + pξ
d
2 , d ≥ 2, is an elliptic
polynomial of degree d. Therefore, given m ≥ 1, there exists an elliptic polynomial
in m variables.
(ii) [32, Subsection 2.3] There are infinitely many elliptic polynomials and for any
n ∈ N and p 6= 2, there exists an elliptic polynomial h(ξ1, . . . , ξn) with coefficients
in Z×p and degree 2d(n) := 2d such that
|h(ξ1, . . . , ξn)|p = ||(ξ1, . . . , ξn)||
2d
p .
7For the above note that the Taibleson operator is elliptic for p 6= 2. Moreover,
we can obtain pseudo-differential operators with radial symbols and with non-radial
symbols.
Throughout this paper (unless otherwise stated) we will assume that f(∂, β) is
an elliptic pseudo-differential operator of order d.
Remark 3. Considering the Cauchy problem
(3.1)

∂u
∂t
(x, t) = −(f(∂, β)u)(x, t), t ∈ [0,∞), x ∈ Qnp
u(x, 0) = u0(x) ∈ D(Q
n
p ).
We have that the function
u(x, t) :=
∫
Qnp
χp(−x, ξ)e
−t|f(ξ)|βp û0(ξ)d
nξ; u0(x) ∈ D(Q
n
p ), x ∈ Q
n
p , t ≥ 0,
satisfies the Cauchy problem (3.1).
We define the heat Kernel attached to operator f(∂, β) as
(3.2) Z(x, t) := F−1ξ→x(e
−t|f(ξ)|βp ) =
∫
Qnp
χp(−x, ξ)e
−t|f(ξ)|βpdnξ, t > 0, x ∈ Qnp .
When considering Z(x, t) as a function of x for t fixed, we will write Zt(x).
Lemma 2. (i) [30, (P1)-Proposition 2]
∫
Qnp
Zt(x)d
nx = 1, for any t > 0.
(ii) [30, (P3) Proposition 2] Zt+s(x) =
∫
Qnp
Zt(x − y)Zs(y)d
ny, for t, s > 0, i.e.
the heat Kernel satisfies the Chapman-Kolmogorov equation.
(iii) [30, Theorem 2] For every x ∈ Qnp and every t > 0, we have that Z(x, t) ≥ 0.
Remark 4. (i) By Lemma 2−(iii), we have that if ϕ ∈ D(Qnp ) is a positive test
function, then ∫
Qnp
χp(−x, ξ)e
−t|f(ξ)|βp ϕ̂(ξ)dnξ = (Zt ∗ ϕ)(x) ≥ 0.
(ii) for any fixed t > 0 and any 1 ≤ ρ <∞, Z(x, t) ∈ Lρ(Qnp ). Moreover, Z(x, t) is
continuous function in x, for any fixed t > 0, see [30, Corollary 1]. On the other
hand, the solution the Cauchy problem (3.1) satisfies
(3.3) u(x, t) = (Zt ∗ u0)(x), u0(x) ∈ D(Q
n
p ), x ∈ Q
n
p , t ≥ 0,
so that u(·, t) is a continuous function for any t > 0.
(iii) As a direct consequence of [30, Theorem 1 and 2], we have for any x ∈ Qnp
and every t > 0, Z(x, t) ≤ At||x||−dβ−np , where A is a positive constant.
4. Feller Semigroups and Markov Transition Functions Associated
to Heat Kernel
The goal of this section is to prove that there are a Feller semigroup and a
uniformly stochastically continuous C0−transition function on Q
n
p associated with
the Heat Kernel attached to operator f(∂, β). Significantly, we explicitly write the
Feller semigroup and the Markov Transition Function.
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4.1. Feller Semigroups.
Definition 3. A one-parameter family {Tt}t≥0 of bounded linear operators on
C0(Q
n
p ) into itself is called a contraction semigroup if it satisfies the following con-
ditions:
(i) Tt+s = Tt · Ts for all t, s ≥ 0.
(ii) limt→0+ ||Ttu− u||L∞ = 0 for every u ∈ C0(Q
n
p ) (strongly continuous);
(iii) ||Tt||L∞ ≤ 1 for all t ≥ 0.
For u ∈ C0(Q
n
p ), x ∈ Q
n
p and t ≥ 0, we define
(4.1) Ttu(x) :=

u(x) if t = 0,∫
Qnp
Zt(x− y)u(y)d
ny = (Zt ∗ u)(x) if t > 0.
Lemma 3. For all t ≥ 0,
Tt : C0(Q
n
p )→ C0(Q
n
p )
is a bounded linear operator with ||Tt||L∞ ≤ 1.
Proof. We consider the case t > 0, since in the case t = 0, the assertion is clear.
Let u ∈ C0(Q
n
p ) and x ∈ Q
n
p . Then, by Lemma 2-(i) we have
(4.2) |Ttu(x)| =
∣∣∣∣∣
∫
Qnp
Zt(x− y)u(y)d
ny
∣∣∣∣∣ ≤ ||u||L∞
∫
Qnp
Zt(x− y)d
ny = ||u||L∞ .
Moreover, since Zt(x) ∈ L
1(Qnp ), t > 0, and u is bounded, we have that Ttu(x) =
(Zt ∗ u)(x) is continuous.
On the other hand, if ||x||p ≫ 0 and assuming without loss of generality that
Supp(u) ⊆ BnM , M ∈ N. Then by Remark 4-(iii) and the fact that || · ||p is an
ultranorm, we have
0 ≤ |Ttu(x)| ≤ ||u||L∞
∫
Bn
M
Zt(x − y)d
ny ≤ At||u||L∞
∫
Bn
M
||x− y||−dβ−np d
ny
= At||u||L∞ ||x||
−dβ−n
p V ol(B
n
M ) = 0.
Therefore, the space C0(Q
n
p ) is an invariant subspace for the operators Tt, t ≥ 0,
i.e.
u ∈ C0(Q
n
p ) −→ Ttu(x) ∈ C0(Q
n
p ).

Lemma 4. The family of operators {Tt}t≥0 defined in (4.1) determine a semigroup
over the space C0(Q
n
p ).
9Proof. For u ∈ C0(Q
n
p ) and t, s ≥ 0 we have that
Tt(Tsu)(x) =
∫
Qnp
Zt(x − y) [(Tsu)(y)] d
ny
=
∫
Qnp
[∫
Qnp
Zt(x− y)Zs(y − z)d
ny
]
u(z)dnz
=
∫
Qnp
[∫
Qnp
Zt((x− z)− w)Zs(w)d
nw
]
u(z)dnz
=
∫
Qnp
Zt+s(x− z)u(z)d
nz = Tt+su(x).

Lemma 5. For all u ∈ C0(Q
n
p ) we have that
lim
t→0+
||Ttu− u||L∞ = 0.
Proof. The desired equality follows from the following two statements:
Claim 1. Let fixed x ∈ Qnp . Then, for any given number ǫ > 0 we can find a
s := s(x, ǫ) ∈ Z such that if ||x− y||p < p
s then
|I1| =
∣∣∣∣∣
∫
||x−y||<ps
Zt(x− y)[u(y)− u(x)]d
ny
∣∣∣∣∣ < ǫ.
The proof of the Claim is a direct consequence of Lemma 2-(i) taking into account
that u ∈ C0(Q
n
p ).
Claim 2. Let fixed x ∈ Qnp . Then, for any given number ǫ > 0 we can find a
s := s(x, ǫ) ∈ Z such that if ||x− y||p ≥ p
s then
I2 =
∫
||x−y||≥ps
Zt(x− y)[u(y)− u(x)]d
ny → 0, when t→ 0+.
The Claim’s proof is as follows: Since that u ∈ C0(Q
n
p ), then for any number
ǫ > 0, however small, there exists some number s := s(x, ǫ) ∈ Z such that if
||x− y||p < p
s then ||u(y)− u(x)||L∞ < ǫ. Therefore, by Remark 4-(iii) we have∣∣∣∣∣
∫
||x−y||≥ps
Zt(x − y)[u(y)− u(x)]d
ny
∣∣∣∣∣ ≤ 2||u||L∞
∫
||x−y||≥ps
Zt(x− y)d
ny
= 2||u||L∞
∫
||w||≥ps
Zt(w)d
nw
≤ 2At||u||L∞
∫
||w||≥ps
||w||−dβ−np d
nw
= 2Atpsdβ||u||L∞
∫
||v||≥1
||v||−dβ−np d
nv
≤ Ct||u||L∞ .
Therefore, By Claim 1 and Claim 2, given any ǫ > 0 we have that
lim
t→0+
sup |(Ttu)(x)− u(x)| ≤ lim
t→0+
sup ||I1|+ |I2|| ≤ ǫ, for all x ∈ Q
n
p .
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
Definition 4. [3, Definition 12.8] A strongly continuous contraction semigroups
{Tt}t≥0 on C0(Q
n
p ), for which all the operators Tt are positive, i.e. such that for
all t > 0
u ∈ C0(Q
n
p ) with u ≥ 0 implies Ttu ≥ 0,
is called a Feller semigroup on Qnp .
By Lemma 2−(iii) and (4.1), we have that if u ∈ C0(Q
n
p ) and u ≥ 0, then
(Ttu)(x) ≥ 0, t ≥ 0. Moreover, as a consequence of the previous lemma (Lemma 3,
Lemma 4, Lemma 5), and (4.1), we have that the family of operators {Tt}t≥0 defined
in (4.1) determine a strongly continuous contraction semigroup on C0(Q
n
p ).We have
proved the following theorem
Theorem 1. The family of operators {Tt}t≥0 defined in (4.1) determine a Feller
semigroup on Qnp .
Remark 5. As a consequence of the previous theorem and Lemma 2-(i), the Feller
semigroup {Tt}t≥0 is conservative, i.e. Tt1 = 1, for all t > 0.
4.2. Markov Transition Functions.
Remark 6. Following the definition and terminology used on Feller semigroups
given in [25, p. 43], we will show that our Feller semigroup {Tt}t≥0 satisfies the
following properties: By Lemma 3 and Lemma 5 we have that the semigroup {Tt}t≥0
is strongly continuous in t for all t ≥ 0 :
lim
s→0+
||Tt+sf − Ttf ||L∞ = 0, f ∈ C0(Q
n
p ).
Moreover, by Lemma 2−(i), Lemma 2−(iii) and (4.1) we have that the Feller
semigroup {Tt}t≥0 is non-negative and contractive on C0(Q
n
p ):
f ∈ C0(Q
n
p ), 0 ≤ f(x) ≤ 1 on K =⇒ 0 ≤ Ttf(x) ≤ 1 on Q
n
p .
Definition 5. (i) A function pt(x,E), defined for all t ≥ 0, x ∈ Q
n
p and E ∈
B(Qnp ), is called a Markov transition function on Q
n
p if it satisfies the following
four conditions:
(a) pt(x, ·) is a measure on B(Q
n
p ) and pt(x,Q
n
p ) ≤ 1 for all t ≥ 0 and x ∈ Q
n
p .
(b) pt(·, E) is a Borel measurable function for all t ≥ 0 and E ∈ B(Q
n
p ).
(c) p0(x, {x}) = 1 for all x ∈ Q
n
p .
(d) (The Chapman-Kolmogorov equation) For all t, s ≥ 0, x ∈ Qnp and
E ∈ B(Qnp ), we have the equations
pt+s(x,E) =
∫
Qnp
pt(x, d
ny)ps(y, E).
(ii) We say that the Markov transition function pt(x, ·) on Q
n
p satisfies the condition
(L) if for each s > 0 and each compact subset E ⊂ Qnp ,
lim
x→∞
sup
0≤t≤s
pt(x,E) = 0.
(iii) A Markov transition function pt(x, ·) on Q
n
p is said to be uniformly stochasti-
cally continuous on Qnp if the following condition is satisfied:
For each r ∈ Z and each compact E ⊂ Qnp , we have that
lim
t→0+
sup
x∈E
[1− pt(x,B
n
r (x))] = 0.
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(iv) We say that pt(x, ·) is a C0−function if the space C0(Q
n
p ) is an invariant
subspace for the operators Tt :
f ∈ C0(Q
n
p ) =⇒ Ttf ∈ C0(Q
n
p ).
Definition 6. For E ∈ B(Qnp ), we define
(4.3) pt(x,E) =

Zt(x) ∗ 1E(x), for t > 0, x ∈ Q
n
p
1E(x), for t = 0, x ∈ Q
n
p .
Theorem 2. pt(x, ·) is a uniformly stochastically continuous C0−transition func-
tion on Qnp , satisfy condition (L) and the formula
Ttf(x) :=
∫
Qnp
pt(x, d
ny)f(y)
holds. Moreover, it is the transition function of some strong Markov processes X
with state space Qnp and transition function pt(x, ·) whose paths are right continuous
and have no discontinuities other than jumps.
Proof. The results are a consequence of Remark 6 and Theorem 1 by well-known
results in the theory of Markov processes, see e.g. [25, Theorem 2.15] and [25,
Theorem 2.12]. 
Remark 7. (i) Significantly, in the previous theorem we explicitly write the tran-
sition function pt(x, ·) on B(Q
n
p ). Unlike of [32, Remark 40], see also [27, proof
of Lemma 5], where the existence of a Markov transition function on B(Qnp )
is implicitly guaranteed.
(ii) As for any x ∈ Qnp and every t > 0, Z(x, t) ≤ At||x||
−dβ−n
p , where A is a
positive constant, see Remark 4−(iii), we can show that, for each r ∈ Z and
each compact E ⊂ Qnp , we have the condition
lim
t→0+
sup
x∈E
pt(x,Q
n
p\B
n
r (x)) = 0,
so that by the previous theorem and [25, Theorem 2.10] the paths of the
strong Markov process X are right continuous on [0,∞) and have left-hand
limits on [0,∞) almost surely. On the other hand, by using [5, Sect. 2], it is
possible to show that the process X constructed in the previous theorem is an
Le´vy processes with state space Qnp and transition function pt(x, ·).
5. Symbols of Elliptic Pseudo-differential Operators and Negative
Definite Functions
The goal of this section is show that the symbol of elliptic pseudo-differential
operators (|f(ξ)|βp ) is a function negative definite function. Moreover, we show that
this symbol can be represented as a combination of a constant c ≥ 0, a continuous
homomorphism l : Qnp → R and a non-negative, continuous quadratic form q :
Qnp → R.
Definition 7. A function f : Qnp → C is called negative definite if∑m
i,j=1
(
f(xi) + f(xj)− f(xi − xj)
)
λiλj ≥ 0
for all m ∈ N\{0}, x1, . . . , xm ∈ Q
n
p , λ1, . . . , λm ∈ C.
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Definition 8. [3, Definition 8.1] A family (µt)t>0 of positive bounded measures on
Qnp with the properties
(i) µt(Q
n
p ) ≤ 1 for t > 0,
(ii) µt ∗ µs = µt+s for t, s > 0,
(iii) limt→0+ µt = δ0 vaguely (δ0 denotes the Dirac measure at 0 ∈ Q
n
p ), is called
a convolution semigroup on Qnp .
Remark 8. A Feller semigroup {Tt}t>0 on Q
n
p is said to be translation invariant
if all the operators Tt commute with the translations of Q
n
p , i.e. if
Tt(τaf) = τa(Ttf) for a ∈ Q
n
p , t > 0 and f ∈ C0(Q
n
p ),
where τaf denotes the function
τaf(x) = f(x− a) for x ∈ Q
n
p .
It is easy to check that the Feller semigroup {Tt}t>0 is translation invariant.
Theorem 3. The symbol |f |βp , β > 0, of the pseudo-differential operator given in
Definition 2 is a negative definite function.
Proof. By Remark 8 and [3, Exercise 12.10], there exists a uniquely determined
convolution semigroup (µt)t>0 on Q
n
p such that {Tt}t>0 is given in terms of (µt)t>0
by the formula
Ttf = µt ∗ f for f ∈ C0(Q
n
p ) and t > 0.
Therefore, by (4.1) we have that Zt = µt, t > 0, i.e. (Zt)t>0 is a convolution
semigroup on Qnp .
On the other hand, since there is a one-to-one correspondence between convolu-
tion semigroups on Qnp and continuous, negative definite functions on Q
n
p , see e.g.
[3, Theorem 8.3], we have by Remark 1, Lemma 2−(i) and (3.2) that |f |βp , β > 0,
is a negative definite function, where
Zt(x) =
∫
Qnp
χp(−x, ξ)e
−t|f(ξ)|βpdnξ, t > 0, x ∈ Qnp .

Remark 9. In the proof of previous theorem it was obtained that (Zt)t>0 is a
convolution semigroup on Qnp . Therefore, by (4.1), (4.3) and Theorem 2 we have
that Zt(x − y)d
ny = pt(x, ·). Moreover, we will say that (Zt)t>0 and |f(ξ)|
β
p are
associated, see e.g. [3, Definition 8.5].
The infinitesimal generator (A,D) of the semigroup (Pt)t>0 on E is defined by
Af = lim
t→0
t−1(Ptf − f) for f ∈ D,
where D is the set of elements in E such that this limit exists in E.
Let (A0, D0) (respectively (Ab, Db), respectively (A2, D2)) denote the infinitesi-
mal generator for (Zt)t>0.
Lemma 6. [6, Lemma 2] The domain D2 of A2 is given by
D2 =
{
f ∈ L2(Qnp ) : |f(ξ)|
β
p f̂ ∈ L
2(Qnp )
}
and (A2f)
∧ = −|f(ξ)|βp f̂ for f ∈ D2.
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Definition 9. [6, Definition 3] The semigroup (Zt)t>0 determines a sesquilinear
form β : D2 ×D2 → C by the definition
β(f, g) = (−A2f, g) for f, g ∈ D2,
and by Lemma 6 we can write
β(f, g) =
(
|f(ξ)|βp f̂ , ĝ
)
for f, g ∈ D2.
Definition 10. [6, Definition 10] The semigroup (Zt)t>0 is said to be of local type,
if the conditions
(i) For all f ∈ Db : supp Abf ⊆ supp f ;
(ii) For all f ∈ D0 : supp A0f ⊆ supp f ;
(iii) For all f ∈ D2 : supp A2f ⊆ supp f,
are fulfilled.
Remark 10. By Lemma 2−(i) and Remark 9 we have the family (Zt)t>0 is a
convolution semigroup consistent of probability measures on Qnp .
Lemma 7. β(f, g) = 0 for all g, h ∈ K ∩ D2 such that g is constant in a neigh-
bourhood of the support of g. Here K = K(Qnp ) be the space of complex, continuous
functions on Qnp with compact support, equipped with the usual topology.
Proof. Suppose that D ⊂ Qnp is a neighbourhood of the support of h where g is
equal a constant k, i.e. there is an open subset U ⊂ D such that supp(h) ⊂ U
and g|D = k. Using Fubini’s Theorem and the Parseval-Steklov equality, see [1,
Theorem 5.3.1], we have
β(g, h) =
(
|f(ξ)|βp ĝ, ĥ
)
=
∫
Qnp
|f(ξ)|βp ĝ(ξ)ĥ(ξ)d
nξ
=
∫
Qnp
|f(ξ)|βp
(∫
Qnp
χp(ξ, x)(g ∗ h)(x)d
nx
)
dnξ
=
(
k
∫
D
h(y)dny
)[∫
Qnp
|f(ξ)|βp
(∫
Qnp
χp(ξ, x)d
nx
)
dnξ
]
.
For ξ ∈ Qnp we have: If ξ = 0 then |f(ξ)|
β
p = 0, and if ξ ∈ Q
n
p\{0}, then by [28,
Example 9-p. 44] we have that
∫
Qnp
χp(ξ, x)d
nx = 0.
From the above we have that β(g, h) = 0. 
Lemma 8. The convolution semigroup (Zt)t>0 is of local type.
Proof. The result is followed by Lemma 7 and Remark 10, taking into account [6,
Remark 13-(a)]. 
By [6, Proposition 9], [3, Definition 18.24] and [3, Exercise 18.26], the whole
theory of convolution semigroups of the local type can be adapted to the theory of
the text [3, Chapter III-§ 18].
Lemma 9. [3, Proposition 18.2] The net
(
1
t
Zt|Qnp \{0}
)
t>0
converges vaguely as
t→ 0+ to a measure Z on Qnp\{0}.
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Definition 11. [3, Definition 18.3] The positive measure Z on Qnp\{0} from Lemma
9 is called the Le´vy measure for the convolution semigroup (Zt)t>0 on Q
n
p (and also
the Le´vy measure for the continuous negative function |f |βp on Q
n
p ).
Definition 12. [3, Definition 7.18] A function q : Qnp → R is called a quadratic
form, if it satisfies the equation
2q(x) + 2q(ξ) = q(x+ ξ) + q(x− ξ) for all x, ξ ∈ Qnp .
Remark 11. It is easy to see that a quadratic form q satisfies
q(0) = 0,
q(x) = q(−x) for all x ∈ Qnp ,
q(nx) = n2q(x) for all x ∈ Qnp and n ∈ N.
Moreover, by [3, Proposition 7.19] we have that a non-negative quadratic form q on
Qnp is negative definite.
As a direct consequence of [3, Theorem 18.27], Lemma 8, Lemma 9 and Definition
11 we have the following theorem.
Theorem 4. The following conditions are equivalent:
(i) for all open neighbourhoods W of 0 we have
lim
t→0+
1
t
Zt(∁W ) = 0.
(ii) Z = 0.
(iii) |f(ξ)|βp = c+ il(ξ) + q(ξ) for ξ ∈ Q
n
p , where c ≥ 0, l : Q
n
p → R is a continuous
homomorphism and q : Qnp → R is a non-negative, continuous quadratic form.
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